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Abstract
We study the exponential stabilization of elastic plates with dynamical boundary control. We show that the
corresponding system with velocity and angular velocity feedbacks control in the dynamical boundary is not
exponentially stable. Our main tool is the frequency-domain criterion for exponential stability of semigroups.
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1. Introduction
Let Ω be a bounded open domain in R2 having a boundary Γ of class C3. It is assumed that
Γ = Γ0 ∪Γ1, where Γ0 has positive measure, Γ1 is relatively open in Γ , and Γ 0 ∩Γ 1 = ∅. Following the
linear elasticity theory (see Lagnese [2]), the vibration u of the plate is governed by the plate equation
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associated with two dynamical boundary conditions:

u′′ + 2 u = 0 in Ω × (0,∞),
u = ∂νu = 0 on Γ0 × (0,∞),
J∂νu′′ + B1u = F1 on Γ1 × (0,∞),
ρu′′ − B2u = F2 on Γ1 × (0,∞),
u(0) = u0, u′(0) = u1 in Ω,
(1.1)
where ν = (ν1, ν2) is the unit outer normal vector and τ = (−ν2, ν1) is the unit tangent vector. The
inertial properties of the boundary are supported along Γ1 whereon the boundary feedback controls F1,
F2 are applied. 0 < µ < 12 is the Poisson coefficient, ρ > 0 is the linear boundary density, and J > 0 is
the bending moment of inertia of the boundary. B1, B2 are the usual boundary operators associated with
the plate equation:
B1u =  u + (1 − µ)
(
2ν1ν2
∂2u
∂x1∂x2
− ν21
∂2u
∂x22
− ν22
∂2u
∂x21
)
(1.2)
B2u = ∂ν u + (1 − µ)∂τ
[(
ν21 − ν22
) ∂2u
∂x1∂x2
+ ν1ν2
(
∂2u
∂x22
− ∂
2u
∂x21
)]
. (1.3)
In the present work, we use the following boundary feedback controls:
F1 = −∂νu′, F2 = −u′. (1.4)
These velocity feedbacks represent certain damping mechanisms introduced to the system which
physically may be realized through the mechanical design of a damper or other form of friction. Thus we
obtain the following closed-loop system:

u′′ + 2 u = 0 in Ω × (0,∞),
u = ∂νu = 0 on Γ0 × (0,∞),
J∂νu′′ + B1u + ∂νu′ = 0 on Γ1 × (0,∞),
ρu′′ − B2u + u′ = 0 on Γ1 × (0,∞),
u(0) = u0, u′(0) = u1 in Ω .
(1.5)
We define the associated energy by
E(t)= 1
2
[
α(u(t)) + ‖u′(t)‖2L2(Ω) + J‖∂νu′(t)‖2L2(Γ1)
+ ρ‖u′(t)‖2L2(Γ1)
]
, t ≥ 0, (1.6)
where the bilinear form α(u) := α(u, u) is given by
α(u, v)=
∫
Ω
[
∂2u
∂x21
∂2v
∂x21
+ ∂
2u
∂x22
∂2v
∂x22
+ µ
(
∂2u
∂x21
∂2v
∂x22
+ ∂
2u
∂x22
∂2v
∂x21
)
+ 2(1 − µ) ∂
2u
∂x1∂x2
∂2v
∂x1∂x2
]
dx1 dx2. (1.7)
We point out that α(·, ·) is well-posed since Γ0 has positive measure.
The problem of stabilization for the elastic plate described above has attracted much attention in recent
years. In the case J > 0 and ρ > 0, Rao [6] showed the strong stability of system (1.5), and Littman and
Markus [4] showed that the system referring to the one-dimensional model is not exponentially stable.
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In the case J > 0 and ρ = 0, Liu and Liu [5] showed that the system referring to one-dimensional model
is not exponentially stable. However, in the above two cases, the exponential stability of system (1.5)
remains an open problem. In this paper, using the frequency-domain method, we show that system (1.5)
is not exponentially stable in all cases mentioned above.
2. Main results
Let V be a Hilbert space defined by
V = {u ∈ H 2(Ω) : u|Γ0 = ∂νu|Γ0 = 0}, with the norm ‖u‖2V = α(u), for all u ∈ V .
We see from [2, p. 29] that ‖ · ‖V is equivalent to ‖ · ‖H2(Ω). We then introduce the following energy
space:
H = V × L2(Ω) × L2J (Γ1) × L2ρ(Γ1),
with the norm
‖z‖H =
[
‖u‖2V + ‖v‖2L2(Ω) + ‖ξ‖2L2J (Γ1) + ‖η‖
2
L2ρ (Γ1)
] 1
2
, for all z = (u, v, ξ, η) ∈ H,
where L2k(Γ1) = L2(Γ1) with norm ‖ · ‖L2k(Γ1) := k
1
2 ‖ · ‖L2(Γ1) for k > 0. With the above notation, we set
operator A : H ⊃ D(A) → H to be
A(u, v, ξ, η) =
(
v,−2 u, 1
J
(−B1u − ξ), 1
ρ
(B2u − η)
)
,
with
D(A) = {(u, v, ξ, η) ∈ H : u ∈ H 4(Ω) ∩ V, v ∈ V, B1u, B2u ∈ L2(Γ1), ξ = ∂νv|Γ1, η = v|Γ1}.
Thus system (1.5) is equivalent to the following abstract system:{
z′(t) = Az(t),
z(0) = z0 ∈ H.
Lemma 2.1 ([6]). The operator A generates a C0-semigroup of contractions et A on the energy space H.
Moreover the resolvent (I − A)−1 is compact in H.
The above lemma implies the well-posedness of system (1.5). The following theorem is our main
result.
Theorem 2.2. In the case J > 0 and ρ > 0, the C0-semigroup et A, generated by A, is not exponentially
stable in H.
Proof. From Lemma 2.1, we know that the spectrums of A only consist of eigenvalues, denoted by
{λn}∞n=1, and that {λn}∞n=1 has no finite accumulation points. From Theorem 3.1 in [6] we know that et A
is strongly stable. So
λn = τn + iωn, τn < 0, |λn| → ∞.
Let zn = (un, vn, ξn, ηn) ∈ D(A) be the unit eigenvector of A corresponding to λn. Therefore,
(λn − A)zn = 0, (2.1)
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that is,
λnun = vn in V, (2.2)
λnvn + 2 un = 0 in L2(Ω), (2.3)
(λn J + 1)∂νvn + B1un = 0 in L2(Γ1), (2.4)
(λnρ + 1)vn − B2un = 0 in L2(Γ1). (2.5)
We know from (2.1) that
0=Re ((λn − A)zn, zn) = Re λn − Re (Azn, zn)
= τn +
∫
Γ1
[|∂νvn|2 + |vn|2] dΓ , (2.6)
and consequently,
0 > τn =−
∫
Γ1
[|∂νvn|2 + |vn|2] dΓ
=−
(
1
J
‖ξn‖2L2J (Γ1) +
1
ρ
‖ηn‖2L2ρ(Γ1)
)
≥ −
(
1
J
+ 1
ρ
)
.
So {τn}∞n=1 is bounded and |ωn| → ∞ as n → ∞.
In order to obtain our result, it is sufficient to show that τn → 0 as n → ∞.
Since α(un) ≤ 1, we have that ‖un‖H2(Ω) is bounded, and it follows that ‖un‖H1(Ω) is also bounded.
From (2.3), we have∥∥∥∥2 unλn
∥∥∥∥
L2(Ω)
= ‖vn‖L2(Ω) ≤ 1.
In addition, in terms of the classical theory of elliptic boundary value problems (see [3,4]), we know that
there exists a constant C > 0, such that
‖un‖H4(Ω) ≤ C(‖2 un‖L2(Ω) + ‖ un‖L2(Ω) + ‖un‖H1(Ω)).
This implies that
sup
n
∥∥∥∥unλn
∥∥∥∥
H4(Ω)
< ∞. (2.7)
From (2.7) and that un
λn
→ 0 in L2(Ω), we, together with Theorem 4.17 in [1], have
un
λn
→ 0 in H 3(Ω). (2.8)
From (2.8) and the trace theorem (see [1]), we know that
lim
n→∞
un
λn
= 0, lim
n→∞
∂νun
λn
= 0, lim
n→∞
∂2ν un
λn
= 0, in L2(Γ1). (2.9)
Let D : L2(Γ1) → L2(Ω) be the Dirichlet mapping given by, for u ∈ L2(Γ1),

− Du = 0 in Ω,
Du = 0 on Γ0,
Du = u on Γ1.
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The classical regularity results in [2, p. 152] imply that for s ∈ R,
D ∈ L(H s(Γ ), H s+ 12 (Ω)). (2.10)
Let Γ ∈ C3, then ν = (ν1, ν2) ∈ C3(Γ1, R) × C3(Γ1, R) and ν ∈ H 3(Γ1) × H 3(Γ1). Denote
ϕ = (ϕ1, ϕ2) = Dν = (Dν1, Dν2). It follows from (2.10) that ϕ ∈ H 3+ 12 (Ω) × H 3+ 12 (Ω). From
Theorem 5.4(c) in [1], we know that ϕ and ∇ ·ϕ are bounded in Ω . Applying the Green formula, we have∫
Ω
∇
∣∣∣∣∇ unλn
∣∣∣∣
2
· ϕ dx =
∫
Γ1
(ϕ · ν)
∣∣∣∣∇ unλn
∣∣∣∣
2
dΓ −
∫
Ω
∣∣∣∣∇ unλn
∣∣∣∣
2
∇ · ϕ dx (2.11)
=
∫
Γ1
∣∣∣∣∇ unλn
∣∣∣∣
2
dΓ −
∫
Ω
∣∣∣∣∇ unλn
∣∣∣∣
2
∇ · ϕ dx .
In addition, from (2.7) and (2.8) we have∣∣∣∣∣
∫
Ω
∇
∣∣∣∣∇ unλn
∣∣∣∣
2
· ϕ dx
∣∣∣∣∣ =
∣∣∣∣∣∣
∫
Ω
2∑
j=1
ϕ j
∂
∂x j
2∑
k=1
∣∣∣∣∣
∂
∂xk
 un
λn
∣∣∣∣∣
2
dx
∣∣∣∣∣∣ (2.12)
= 2
∣∣∣∣∣∣
∫
Ω
2∑
j,k=1
ϕ j
∂
∂xk
 un
λn
∂2
∂x j∂xk
 un
λn
dx
∣∣∣∣∣∣
≤ C
∥∥∥∥unλn
∥∥∥∥
H4(Ω)
∥∥∥∥unλn
∥∥∥∥
H3(Ω)
→0, as n → ∞,
and ∣∣∣∣∣
∫
Ω
∣∣∣∣∇ unλn
∣∣∣∣
2
∇ · ϕ dx
∣∣∣∣∣ ≤ maxΩ |∇ · ϕ|
∫
Ω
2∑
k=1
∣∣∣∣∣
∂
∂xk
 un
λn
∣∣∣∣∣
2
dx (2.13)
≤ C
∥∥∥∥unλn
∥∥∥∥
2
H3(Ω)
→0, as n → ∞,
Thus it follows from (2.11), (2.12) and (2.13) that∫
Γ1
∣∣∣∣∇ unλn
∣∣∣∣
2
dΓ → 0, as n → ∞. (2.14)
Notice that
 un|Γ1 = ∂2ν un +
2∑
j=1
∂ν j
∂x j
∂νun,
we have∣∣∣∣∇ unλn
∣∣∣∣
2
= 1|λn|2
2∑
k=1
∣∣∣∣ ∂∂xk  un
∣∣∣∣
2
= 1|λn|2
2∑
k=1
∣∣∣∣∣ ∂∂xk ∂2ν un +
∂
∂xk
2∑
j=1
∂ν j
∂x j
∂νun
∣∣∣∣∣
2
(2.15)
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= 1|λn|2
2∑
k=1
∣∣∣∣∣∂3ν unνk + ∂2ν unνk
2∑
j=1
∂ν j
∂x j
+ ∂νun
2∑
j=1
∂2ν j
∂xk∂x j
∣∣∣∣∣
2
= 1|λn|2
2∑
k=1
ν2k
∣∣∣∣∣∂3ν un + ∂2ν un
2∑
j=1
∂ν j
∂x j
∣∣∣∣∣
2
+ |∂νun|
2
|λn|2
2∑
k=1
∣∣∣∣∣
2∑
j=1
∂2ν j
∂xk∂x j
∣∣∣∣∣
2
+ 2|λn|2 Re
2∑
k=1
νk
(
∂3ν un + ∂2ν un
2∑
j=1
∂ν j
∂x j
)
2∑
j=1
∂2ν j
∂xk∂x j
∂νun
≥ 1|λn|2
2∑
k=1
ν2k
∣∣∣∣∣∂3ν un + ∂2ν un
2∑
j=1
∂ν j
∂x j
∣∣∣∣∣
2
− 1
4|λn|2
2∑
k=1
ν2k
∣∣∣∣∣∂3ν un + ∂2ν un
2∑
j=1
∂ν j
∂x j
∣∣∣∣∣
2
+ |∂νun|
2
|λn|2
2∑
k=1
∣∣∣∣∣
2∑
j=1
∂2ν j
∂xk∂x j
∣∣∣∣∣
2
− 4|λn|2 |∂νun|
2
2∑
k=1
∣∣∣∣∣
2∑
j=1
∂2ν j
∂xk∂x j
∣∣∣∣∣
2
= 3
4|λn|2
∣∣∣∣∣∂3ν un + ∂2ν un
2∑
j=1
∂ν j
∂x j
∣∣∣∣∣
2
− 3|λn|2 |∂νun|
2
2∑
k=1
∣∣∣∣∣
2∑
j=1
∂2ν j
∂xk∂x j
∣∣∣∣∣
2
.
From (2.9), (2.14) and (2.15), we have∫
Γ1
∣∣∣∣∂3ν unλn
∣∣∣∣
2
dΓ → 0, as n → ∞. (2.16)
Notice that
B1un|Γ1 = ∂2ν un + α(x)∂νun, B2un|Γ1 = ∂3ν un + β(x)∂2ν un + γ (x)∂νun,
where polynomial α(·), β(·), and γ (·) formed by ν, ∂ν
∂x
and ∂2ν
∂x2
, respectively, are continuous and bounded
on Γ1, we know from (2.9) and (2.16) that
lim
n→∞
B1un
λn
= lim
n→∞
B2un
λn
= 0, in L2(Γ1). (2.17)
Therefore, from (2.4), (2.5) and (2.17), we obtain
lim
n→∞ vn = limn→∞ ∂νvn = 0, in L
2(Γ1). (2.18)
Combining (2.6) with (2.18) implies that limn→∞ τn = 0. Therefore, the C0-semigroup generated by A
is not exponentially stable. 
Remark 2.3. In the case J > 0 and ρ = 0, using the same method, we can also show that the
corresponding system is not exponentially stable.
Remark 2.4. In the case J = 0 and ρ > 0, under the geometric condition that there exists a point
x0 ∈ R2 such that we have Γ0 = {x ∈ Γ : (m · ν) ≤ 0}, Γ1 = {x ∈ Γ : (m · ν) > 0}, Rao [6]
showed that the system (1.5) is exponentially stable. In the case J = 0 and ρ = 0, Lagnese [2], under the
geometric condition mentioned above, showed that the system (1.5) is exponentially stable. For the two
cases, using the frequency-domain method, we can show that exponential stability also holds without the
geometric condition.
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Remark 2.5. In [6], the boundary Γ is only in C2. In contrast to that, Γ ∈ C3 is required in this paper,
but it is applied only to show that the unit outer normal vector ν = (ν1, ν2) ∈ H 3(Γ1) × H 3(Γ1).
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